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Introduction.
In this note, we present new algebraic invariants of a finite group G generalizing the notion of cohomology of G. Specifically, given a collection 7 of subgroups of G closed under conjugation, as well as cohomological ("Hecke") functors T and T' in the sense of [Gl] , we construct groups H*{(T, T); T') with the property that H*((Z,{l});À) = H {G; A) for any ZG-module A, where, for any ZG-module B, B denotes the associated Hecke functor B(G/H) = BH. (The notion of a Hecke functor will be reviewed in §2.) The potential for such generalizations is alluded to in [RS] .
As a topological application, we show in §3 that H*{{T,J);T') represents the equivariant Bredon cohomology of an associated universal G-space when T = Z. (The constructions in §2 therefore give one an explicit computational machine for these cohomology groups.) In addition, we show that if G acts on a suitable finite contractible complex with specified orbit types, then H*((T,J);T') must vanish above the dimension of the complex.
The author is grateful to Professor Leonard Scott for his suggestions, particularly for his novel definition of a Hecke functor.
More generally, an J-Hecke functor is an additive contravariant functor T: ZQ(7) -> Ab.
The collection of J-Hecke functors forms a category whose morphisms are the natural transformations.
REMARKS 2.2. The natural inclusion Q -► ZQ displays every Hecke functor as, in particular, a coefficient system. Further, the inclusion ZN(H) -► ZQ(G/H, G/H) displays each T{G/H) as a ZA/(//)-module, whose N(H) denotes the normalizer of H C G. It is not hard to show that our definition of a Hecke functor is equivalent to Green's. It is, however, stronger than the notion of a Mackey functor as in, for example, [Dl] .
Examples That d, is indeed a differential of this graded ZG-module is easy to check. Construction 2.4 may be thought of as a two-sided algebraic Bar construction B"(0, ZQ(7), T) analogous to Elmendorf's geometric construction in [El] . Here, 0 denotes the object space of ZQ (7), and the general construction is fully explained in [El] .
We consider now the basic properties of W*(T, 7). showing that f(G/K)(x) is completely specified by f(G/H)(eH) via application of T(a(x)). This shows that i}><¡> = 1 as claimed.
For projectivity of ZG/H as an object in M (7), we now observe that one may complete any diagram of the form S '
ZG/H -> T
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use in M(7) by setting g = tp(t) where t £ T'(G/H) is any element in p-\f(G/H)(eH)). D REMARKS 2.8. If H £ 7, then the assertion is false; let J = {1} and H = G.
Then ZG /G = Z is not a projective ZG-module. Hence it is not projective in M( J), as one notes that if J = {1}, M(7) is equivalent to the category of ZG-modules. Z is, however, a projective JM({l,g})-module by the proposition. If each T(G/H) is a projective Z-module, then it follows that W,(T, 7) is a projective resolution of T in the category M( J). (One should not expect the Bar resolution to yield projective modules in general-even in the case G trivial.) As far as the applications are concerned, we may take each T(G/H) to be projective. 3. Applications. Let J be a family of subgroups with the property that, if if G J and gKg~~x C H for some g £ G, then K £ 7.
By a universal G-space E7, we shall mean a G-space with E7H contractible for each H £ 7, and E7H = 0 otherwise. (For example, E{1} = EG, the standard universal G-space.) These spaces were first constructed by Palais, while Elmendorf has an elegant construction in terms of the geometric two-sided Bar construction in [El] . As a consequence of these constructions, we may assume that E7 is a G-CW complex with cells of type G/H X Dn and H £ 7.
If T is in M(7), we consider the problem of computing HG(E7; T), the Bredon cohomology of E7. (As a special case, HG(EG;R) = H*(G; R).)
As promised in §2, we have the following result.
LEMMA 3.1. Let X be any G-CW complex with cells of type G/H X Dn with H £7. ThenH*(C»(X); T) = HG(X; T), Bredon cohomology ofX with coefficients in the coefficient system T, where we take T(G/K) = 0ifK£7. f(G/H)~^GlH^XP ROOF. It suffices to construct a natural transformation t.H*(Ct(X);T)^H*G(X;T) which restricts to an isomorphism where X = G/H and H £ 7, and to verify that H*(C*(X);T) is indeed a generalized equivariant cohomology theory in the sense of Bredon.
The latter claim is clear as a consequence of the projectivity of G*(X). For the former, recall from [Bl] that HG(X; T) is the cohomology of Hom(G*(X), T) in the category of coefficient systems, where Q"(X)(G/H) = G»(XH) for all H C G.
Since XH = 0 for H £ 7, it follows that Ct ( For the next application, we permit J to denote any family of subgroups closed under conjugation. Proposition 3.4. Let X be a G-CW complex of dimension n such that X/H is Z-acyclic for each H £ 7, and such that X has all orbits of the form G/H with H £7. Then H?((Z, 7); T) = 0 for all p > n.
PROOF. G»(X) is, under the hypothesis, a projective resolution of Z in M (7), where HP(C*(X); T) = #P((Z, J); T) for all p. Since the former group vanishes for p > n, the result follows. D Corollary 3.5. Let G act on a space X such that (i) X inherits the structure of a contractible G-CW complex;
(ii) dimX = n; (iii) X has orbit-types G/H with H £ 7. Then HP((Z, J); T) = 0 for all p > n.
PROOF. By [B2, 5.4], C,(X/H) is Z-acyclic for each H C G. The result now follows by 3.4. D
